Flows of complex fluids in a single-screw extruder were numerically simulated using a coupling method of continuum-mechanics-based computations for macroscopic flows and stochastic simulations for fluid mesoscale structures and the advantage of micro-macro simulations for complex fluids was investigated. In the present study, flows of polymer melts and dilute suspensions of disclike particles were considered and a simple model for the extrusion flow in which the flow is approximated by a shallow channel flow, was adopted. In the simulation for polymer melts, the Curtiss-Bird model was applied to represent the dynamics of polymer networks. The orientation behavior of polymers was analyzed and its dependence on the Weissenberg number was investigated. In addition, a low-cost method for plotting the distribution of orientation angle of polymers was proposed. In this method, additional stochastic simulation was performed at a sampling point in the flow field. The dependence of orientation angle on the gap wise position in an extruder was captured in more detail by this method. In the simulation of suspensions of disclike particles, a disclike particle was modeled by an oblate spheroid, and the motion of particles was computed using the stochastic differential equation for orientation vectors of oblate spheroids. The orientation behavior of particles was analyzed to find that the present approach is effective also for the suspension flows.
Introduction
Flow-induced changes in mesoscale structures in complex fluids cause the characteristic flow behavior and rheological properties of complex fluids. Therefore the analysis of flowinduced structures is an important issue in the flow analysis of complex fluids.
The numerical simulation is a useful approach for investigating the flow-induced structure. Flow analyses using constitutive equations based on the configuration tensor provide macroscopic information of structures such as the average orientation direction of molecules or particles and the degree of orientation. Moreover, the dynamics of mesoscale structures can be analyzed using the coupling of stochastic simulations and macroscopic flow computations. One of famous micro-macro approaches is CONNFFESSIT proposed byÖttinger et al. (1) , (2) .
In general, the stochastic simulation is an expensive method that requires high computational costs. Hence it is not easy to apply micro-macro approaches to complex flows that appear in engineering applications, while some numerical schemes for reducing computational costs, e.g. the variance reduction method and the Brownian configuration method (3) were proposed.
In the present study, we consider a relatively simple flow field that models a flow in poly- mer processing and apply stochastic simulations for fluid mesoscale structures to investigate the advantage of micro-macro simulations for complex fluids. The present simulation treats flows of both polymer melts and dilute suspensions of disclike particles. We consider the flow in a single-screw extruder, which is commonly used in polymer processing (4) , (5) . In the extrusion process, polymeric materials pass through a die to form final products. Moreover, a screw extruder is utilized also in other polymer processing such as injection molding and blow molding as their pre-processes. In addition, a single-screw extruder is used for cooking processing of food products such as cereals, expanded snacks, and pasta (6) , (7) .
A typical single-screw extruder consists of feed, compression, and metering sections (4) , (5) . The metering section generates necessary delivery pressure and mix polymer melts that are prepared in upstream regions, that is, a feed and a compression sections. Numerous numerical studies of extrusion flow have been carried out (4) , (5), (8) - (10) . Recently numerical analyses of extrusion flows of polymer blends (11) has been performed and the lattice Boltzmann method was applied to the numerical simulation of flows in a screw extruder (12) .
We applied the stochastic simulation of complex fluids to the flow analysis in a metering section in a single-screw extruder using a simple model of extrusion flows (4) , (5), (11) , which treats the flow in a screw extruder as a shallow channel flow. Although the flow in a screw extruder in polymer processing is non-isothermal, we consider isothermal flows because the objective of the present study is to investigate the advantage of the stochastic simulation. In the present study, we numerically simulate flows of Newtonian suspensions of disclike particles in addition to flows of polymer melts because various fillers are utilized in composites to modify their mechanical and thermal properties and hence the orientation behavior of particles is an important issue. Figure 1 shows a schematic diagram of the metering section of a typical single-screw extruder. This section consists of a single screw and a cylindrical barrel of constant inner diameter. The screw rotates at a constant angular velocity and fluid is conveyed along an extruder channel. The geometry of an extruder screw is defined in the figure: D is the inner barrel diameter, H is the screw channel depth, W and e are the channel and flight width, respectively, δ is the radial clearance between flight and barrel, and θ is the helix angle. The flight thickness in the axial direction b, the axial distance between neighboring flights B, and the lead l are expressed as e=b cos θ, W=B cos θ, and l=πD tan θ. Figure 2 shows a schematic diagram of an extruder channel with a barrel moving on top of the screw and the coordinate system. When body and inertia forces are negligible, the barrel rotates about a stationary screw. Consequently it is reasonable to take a Cartesian coordinate system with the x 1 coordinate that is fixed in the screw surface and lies in the downstream direction, the x 2 coordinate normal to the screw, the x 3 normal to the flight as shown in Fig. 2 . The components in the downstream and transverse directions of the barrel surface velocity V relative to the screw are V 1 = (ωD/2) cos θ and V 3 = (ωD/2) sin θ, respectively. Here ω is the angular velocity of the screw. Furthermore typical channels in a metering section have small depth-to-width ratios, i.e. H/W 1.
Extrusion Flows

Geometry
Governing equations
For typical single-screw extruders, δ is much small and hence it is reasonable to assume that leakage flow over the flight tips is negligible. Consequently, we have the following relation:
Furthermore, H/D 1 for typical single-screw extruders and it is reasonable to assume that H/W 1. Consequently, we can apply the lubrication approximation in both the x 1 and the x 3 direction velocities. Therefore, the flow can be assumed to be fully developed in the x 1 direction and the continuity equation implies that the components of velocity vector do not depend on x 1 or x 3 , i.e. v 1 =v 1 (x 2 ), v 2 =0, and v 3 =v 3 (x 2 ), and the equations of motion for incompressible isothermal flows are simplified to be expressed by
where p is the pressure, τ i j is the i j-component of stress tensor τ that represents the contribution of inner structures of complex fluids, and η N is the Newtonian contribution to viscosity. Note that the extra stress tensor is expressed by the sum of 2η N D and τ, where D is the rateof-deformation tensor. Assuming no slip at the channel boundaries, we adopt the velocity boundary conditions that v 1 =v 2 =v 3 =0 at x 2 =0, v 1 =V 1 at x 2 =H, and v 3 =V 3 at x 2 =H. In a real extruder, a flow in the x 2 direction may affect the kneading action near the flight wall. However, H/D and H/W are significantly small especially in the metering section and hence the present formulation based on the lubrication approximation is a reasonable simplification of flows in the metering section (5) .
The governing equations are normalized using the following rule:
, where the notations with an asterisk indicate dimensionless variables. Consequently the governing equations are represented as follows:
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Integrating Eq. (4) with respect to x * 2 yields the following equation:
where C 1 is an integral constant. Integrating Eq. (7) with respect to x * 2 with a boundary condition that v * 1 =0 at x * 2 =0, one obtains the following equation:
Considering a boundary condition that v *
Consequently, the velocity gradient ∂v * 1 /∂x * 2 and the velocity v * 1 are described as follows:
As known from these equations, the extrusion flow is the superposition of a pressure flow and a shear flow. In the same way, one obtains the velocity gradient and the velocity in the x 3 direction:
From Eqs. (6) and (12), the pressure gradient in the x 3 direction is expressed by
Extrusion flows of complex fluids are computed from the equations obtained here and stochastic differential equations for dynamics of mesoscale structures in complex fluids, which are indicated below. Next we explain the numerical scheme. Firstly, the pressure gradient ∂p * /∂x * 1 , which corresponds to an operating condition of extrusion, are decided. Note that the dimensionless velocity of barrel V * is unity. The initial conditions of velocity and stress fields are set. Next, the velocity gradient ∂v * 1 /∂x * 2 and the velocity v * 1 are calculated from Eqs. (9) and (10) (11) and (12) using the obtained value of ∂p * /∂x * 3 . The stress field is obtained by solving the stochastic equations. These computations require the shear rate, which is evaluated from Eqs. (9) or (11) . The computation is iterated until the flow field reaches a steady state.
Stochastic approach
We consider flows of polymer melts and suspensions of disclike particles. For polymer melts, the Curtiss-Bird model is used as a constitutive equation. The stochastic differential equations for the Curtiss-Bird model in a dimensionless form are described by (1) , (2) 
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where u is a unit vector indicating the direction of a polymer chain at a position s ∈ [0, 1] within the chain. The boundaries of s=0 and 1 correspond to chain ends. We is the Weissenberg number defined by We=λ R V/H, where λ R is a relaxation time. W is the Wiener process. L * is a dimensionless form of the velocity gradient tensor L defined by
These equations are discretized as follows:
(1), (2) 
where the subscript i indicates the value at the ith time step. Δt * is a dimensionless time interval. W i 's are random numbers generated from a Gaussian distribution with unit variance and zero mean. We applied the naive algorithm (1) , (3) to solve these equations. The stress tensor τ * is evaluated by
where < · · · > represents the ensemble average. ε is the link tension coefficient (0 ≤ ε ≤ 1). I is the unit tensor. α defined by α = nNk B T H/(η N V) represents the relative strength of elastic effects to viscous ones. Here n is the number density of polymers, N is the number of beads of Krameres chains, k B is the Boltzmann constant, and T is the absolute temperature. Next, we explain the stochastic differential equation for suspensions of disclike particles. In the present simulation, a disclike particle is modeled by an oblate spheroidal particle and the particles are dispersed into a Newtonian carrier liquid. In addition, the suspension is assumed to be dilute and hence the interaction between particles is neglected. The motion of particles is described by the following equations.
where e is a unit vector indicating the direction of the axis of rotation of a spheroid, v * is the velocity vector of a particle, Ω * is the rate-of-rotation tensor, and Pe is the Peclet number defined by Pe=(V/H)/D R , where D R is the rotary diffusivity. W is a Gaussian random number with unit variance and zero mean. λ is the aspect ratio of a particle, i.e. (minor axis length)/(major axis length). For suspensions of oblate spheroid particles, the stress tensor τ is expressed by τ=τ v +τ e , where
Here η N is the solvent viscosity, φ is the volume ratio of particles, and ν is the number density of particles. A, B, and C are functions of λ and are defined by (13) 
Normalizing the stress tensors τ by η N V/H as well as the case of polymer melts, one obtains the following expression:
where α = 
Results and Discussion
Polymer melts
Firstly, we show the results of extrusion flows of polymer melts. In the present simulation, the helix angle θ is fixed to π/9 (20 • ) and the pressure gradient ∂p * /∂x * 1 is varied. Furthermore, the effect of the Weissenberg number We on the molecular orientation is investigated. The parameters α and ε are set as α=50 and ε=0.5. Rheological properties of the Curtiss-Bird model are not indicated in the present paper, while they are available in literatures (1) , (14) . This model predicts shear-thinning in both viscosity and the first normal stress coefficient. The computational domain is equally divided into 100 segments in the x 2 direction and time step dt * is 1.0×10 Figure 4 shows the velocity profiles at We=10 and ∂p * /∂x * 1 =0.1 and 0.5. It is often observed that the pressure in downstream regions becomes high and the pressure gradient is positive in the metering zone (15) . The profiles of v * 1 , ∂v * 1 /∂x * 2 , v * 3 , and ∂v * 3 /∂x * 2 are plotted in the figure. In Fig. 4a , the conveying velocity profile deviates from a linear profile of simple shear flows owing to the addition of a pressure-driven flow (4) , (5) . The velocity gradient is the largest on the barrel and is small near the screw. Numerical noises are shown in the results of ∂v * 1 /∂x * 2 even though the present simulation uses relatively large number of polymer trajectories to compute ensemble averages. Therefore, noise reduction techniques such as the variance reduction method (3) may be necessary to reduce these noises.
The mixing velocity v * 3 is negative above x * 2 around 0.7 and slightly depends on ∂p * /∂x * 1 as shown in Fig. 4c . The velocity is zero on the screw and at x * 2 ≈ 0.7, which is larger than the theoretical value for Newtonian fluids (x * 2 =2/3.) It is considered that viscoelasticity affects the shift of zero-v * 3 position (11) . The velocity gradient ∂v * 3 /∂x * 2 changes from negative to positive with decreasing x * 2 . The present simulation represents typical velocity behavior of viscoelastic fluids. Figure 5 shows corresponding results of the distribution of mixing shear stress σ * 23 and mixing normal stress σ * 33 , where σ * i j =2D * i j +τ * i j . The present simulation captures characteristic stress distribution for viscoelastic fluids (11) . Therefore we can consider that the present simulation well describes the flow behavior of polymer melts. We next consider the orientation behavior of polymers. Figure 6 shows the distribution of directors, which is a unit vector indicating the average direction of polymers. Molecules tend to align along the flow. Figure 7 shows the distribution of the scalar order parameter S , which represents the degree of orientation and equals to zero for a random orientation and Science and Technology Vol.5, No.3, 2010 unity for a perfect aligning state. The degree of orientation is the highest on the barrel wall, where the magnitude of shear rate is the largest. In addition, S is small in a region where the magnitude of shear rate is small. These results indicate that the shear flow promotes the molecular aligning. We investigate the dependence of the orientation behavior on the Weissenberg number We. Figure 8 shows the distributions of ∂v * 1 /∂x * 2 and the scalar order parameter at We=1, 5, 10, and 20. The other flow conditions are the same as the previous computation for ∂p * /∂x * 1 =0.1. The velocity gradient is smallest around x * 2 =0.25 and is large near the barrel wall. It distributes more widely at higher Weissenberg number. As for the scalar orientation order parameter, it increases with increasing We and the distribution broadens as We increases. Therefore, this prediction suggests that mixing is accelerated at large We.
Furthermore we attempt to plot the distribution of the orientation angles. The number of trajectories used in the present simulation is relatively large. However, it may require more trajectories to plot the orientation angle distribution because we need enough data to cover the whole region in (ϑ, ϕ)-space, where ϑ and ϕ ∈ [0, π] are respectively the azimuthal and the zenithal angles representing the direction of a director (Fig. 10d) . We examine a low-cost method in which additional stochastic simulation is performed only for a sampling point of the orientation angle. In the present examination, we performed the simulations for 10 4 trajectories except for the sampling point, where we considered 10 5 trajectories. Figure 9 compares the results of the velocity profile of v * 3 predicted by the normal method and those predicted by the method using additional trajectories at a sampling point x * 2 =0.3. The average of relative error between two results is about 1.5 %. The distribution of orientation angle of polymers is plotted using data at the sampling point. Hence the additional stochastic simulation does not largely affect the macroscopic results when the number of trajectories at other computational points is large enough to compute ensemble averages. The increase in CPU time is about 8 % for non-parallel computation of the flow whose results are indicated in Fig. 9 .
The distribution of the orientation angle is plotted in Fig. 10 . The (ϑ, ϕ)-region is evenly divided into 90×90 subdomains and the relative frequency P that polymers having an orientation angle within a subdomain are found is evaluated for the whole subdomains Science and Technology Vol.5, No.3, 2010 Fig . 9 Profiles of mixing velocity v * 3 for polymer melts for θ=π/9, We=10, and ∂p * /∂x * 1 =0.5: results obtained by (i) normal method and (ii) method using additional trajectories at a sampling point (x * 2 =0.3) using data at a sampling point of x * 2 . The relative frequency is normalized by P 0 , which is the expected value of P that polymers having an orientation angle within a corresponding subdomain are found when the orientation angle uniformly distributes in the (ϑ, ϕ)-region, and the distribution of P/P 0 is plotted in Fig. 10 . The sampling points are x * 2 =0, 0.3, and 1. Although some numerical noises are found in low-P/P 0 -regions, we can obtain detailed information enough to analyze the orientation characteristics of polymers.
In Fig. 10a , the peak of orientation distribution exists around ϕ=1 and the peak position moves to a larger ϕ side at x * 2 =0.3 in Fig. 10b , which means the director rotates towards barrel movement direction (ϕ=8π/9.) At x * 2 =0.3, the peak value of P/P 0 is small as compared to those at x * 2 =0 and 1, and the distribution of P/P 0 is relatively wide. These results are consistent with the results of S in Fig. 7 . Near the barrel wall (x * 2 =1), polymers tend to align in the barrel movement direction. In addition, the prediction of a large peak value and a narrow distribution consistent with the results that S is large in this region. As shown in Fig. 6 , the director changes its orientation from the x 3 -direction to the barrel movement direction as the position in x * 2 approaches from the screw to the barrel. The shift in the peak position in Fig. 10 corresponds to the change in the orientation direction. As indicated here, this method is able to provide additional information for the analysis of the molecular orientation at a relatively low computational cost.
Suspensions of disclike particles
Next, we show the results for suspensions of disclike particles. Shear viscosity η and the first normal stress difference N 1 of the suspension at φ=0.01 are shown in Fig. 11 . In general, suspensions of particles at φ under 0.01 are considered as dilute suspensions (16) . The viscosity η and the shear rateγ are normalized as η/(νk B T λ H ) and λ Hγ , respectively. Here λ H is a characteristic time scale. The suspensions show shear-thinning in viscosity and elasticity. The viscosity increases with decreasing the aspect ratio λ.
The simulation was performed for flows under conditions of θ=π/9, ∂p * /∂x * 1 =0.1, λ= 0.05, φ=0.01, α =10, and Pe=10. Particles are initially in a random orientation. The computational domain is divided into 100 segments in the same manner with the previous computation. The central difference method is applied to the discretization in space and the trapezoidal rule is done to the integration of Eqs. (9)- (13) . The Euler forward difference method with dt * =1.0 × 10 −4 is used to the time integration of Eq. (19) . The profiles of velocity and velocity gradient show trends qualitatively similar to the counterparts for polymer melts. Hence we will not repeat the analysis of the velocity field here but analyze the orientation behavior of particles below. Figure 12 shows the distribution of S along x * 2 . The degree of orientation is low and quickly changes near the barrel wall, while S is still low near the wall. Because the system is dilute, particles can rotate independently of other particles' motion. Thus each particle rotates at the same period at the same shear rate if the effect of Brownian motion is absent (17) .
Consequently, the difference in the phase between particles does not change largely with time and the degree of orientation remains low. Figure 13 shows the probability distribution of orientation angle at x * 2 =0.3 computed by the same method used for polymer melts in Fig.10 . The relative frequency is scaled by P 0 as with the simulation for polymer melts. A peak is seen round (ϑ, ϕ) = (π/2, π/2), while the peak is low and the distribution is broad. The orientation angle indicates the direction of the rotation axis of a spheroid. Thus, a disclike particle makes its disc surfaces perpendicular to the x 1 x 3 plane when (ϑ, ϕ) = (π/2, π/2).
In the present paper we treated only dilute suspensions. However, in concentrated particle suspensions, we can see characteristic rheological properties such as shear-thickening (18) and rich flow behavior as compared to the flow of dilute suspensions (16) , (19) , (20) . Furthermore, numerical simulations for concentrated suspensions are necessary in practical point of view because they are often applied in manufacturing various products. Thus it is important and interesting to analyze the flow of concentrated suspensions through micro-macro approaches. We are preparing for the simulation of concentrated systems.
Conclusion
We performed numerical simulations of both polymer melts and disclike particle suspensions in a single-screw extruder using a coupling method of continuum-mechanics-based computations for macroscopic flows and stochastic simulations for fluid mesoscale structures to investigate the advantage of micro-macro simulations. In the present study, the flow in a extruder was modeled by a shallow channel flow. In addition, we proposed a low-cost method for plotting the distribution of orientation angle of polymers in which additional stochastic simulation was performed at a sampling point in the flow field. Vol.5, No.3, 2010 In the present simulation, we indicated the advantage of micro-macro simulations. For example, in the simulation of polymer melts, we can obtain data of both the distribution of directors and the degree of orientation of polymers in addition to the information of velocity and stress fields, which is obtained from macroscopic computations. Furthermore, the probability distribution of orientation angle at a sampling point is able to be computed through an approach proposed in the present paper. These data are useful for the analysis of the effect of molecular orientation in flows in polymer processing such as a flow in an extruder. In the simulation of suspensions of disclike particles, we analyzed the orientation behavior of particles and confirmed that the present approach was applicable also for the suspension flow and contributed to detailed analyses. The present simulation treated dilute suspensions and hence the simulation for concentrated suspensions is an issue in the future and is in progress. The present approach will be more effective for the analysis of concentrated suspension flows.
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